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■ We study an even dimensional manifold with a pseudo-Riemannian 

metric with arbitrary signature and arbitrary dimensions. We consider 
the Ricci flat equations and present a procedure to construct solutions 
to some higher (even) dimensional Ricci flat field equations from the 
four dimensional Ricci flat metrics. When the four dimensional Ricci 
flat geometry corresponds to a colliding gravitational vacuum space- 
time our approach provides an exact solution to the vacuum Einstein 
field equations for colliding gravitational plane waves in an (arbitrary) 
even dimensional spacetime. We give explicitly higher dimensional 
Szekeres metrics and study their singularity behaviors. 







1 Introduction 



In general theory of relativity there exist several solution generating tech- 
niques for vacuum and electrovacuum Einstein field equations 0, @. These 
techniques basically give constructions of metrics from the known metrics. 
Recently |Q we have given a direct construction of the metrics of the 2N 
dimensional Ricci flat geometries from the two dimensional minimal surfaces 
in a pseudo Euclidean three geometry. In this work we present a procedure 
to obtain solutions to some higher dimensional Ricci flat field equations from 
some dimensional Ricci flat metrics. We show that starting from Ricci flat 
metric of a four dimensional geometry admitting two Killing vector fields it 
is possible to generate a whole class 2N dimensional Ricci flat metrics. Here, 
in general, both the four dimensional and 2N dimensional geometries have 
arbitrary signatures. Among these there are some geometries have physical 
importance in general theory of relativity and also in low energy limit of 
string theory. For example, If the four dimensional geometry describes the 
colliding gravitational plane wave geometry then the 2N dimensional geom- 
etry , for all N > 2, describes colliding vacuum gravitational plane waves 
in higher dimensional Einstein theory. We give direct construction of the 
2N dimensional metrics from the four dimensional Ricci flat metrics. As an 
explicit example we give a higher dimensional extension of the Szekeres || 
colliding vacuum gravitational plane wave metrics. 

The singularity structure of these higher dimensional solutions is exam- 
ined by using the curvature invariant. It is shown that the singularity be- 
comes weaker or stronger depending upon the parameters of the solution. 
Hence the singularity character of the solution may change with the increas- 
ing number of dimensions. 

Let M be a 2N = 2 + 2n dimensional manifold with a metric 
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ds 2 = g a /3 dx a dx 13 

= g ab (x c )dx a dx b + H AB (x c )dy A dy B , (1) 

where x a = (x a , y A ) , x a denote the local coordinates on a 2- dimensional 
manifold and y A denote the local coordinates on 2n-dimensional manifold 
and a, b — 1, 2 ,A, B — 1, 2, 2n. The Christoffel symbols of the metric g a p 
are given by 



rA ^ ZjAD tt j^a 1 ab tj "p a "P a ( 0\ 

Ba - 2 H DB,a, ^ AB ~ ~lj9 ^AB,b, 1 bc — 1 6c , (^J 

Trd = rf 6 = = o, (3) 

where the Tf c are the Christoffel symbols of the 2-dimensional metric g ab . 
The components of the Riemann tensor are given by 



p« pa pa _|_ pa pp pa pp ( a\ 

-n-foa — L f3-y,a 1 /3o-, 7 "r 1 p 7 1 /3cr 1 per 1 ,37' W 

The components of the Ricci tensor are 



np pa 

'^■ab — J^aab 

= R ab + hridaH^dbH) - V a Vb logVdet H, (5) 

7? ^ 1 n ab M r lv 7 ^)^ | (Vdetff), a 

= "2 ( ^ ^-"^ ^ b[ ^deTT + v^et^ ] 

+ -g ab H E A,bH ED H DB>a , (6) 

7^A = 0, (7) 

where i? a b is the Ricci tensor of the 2-dimensional metric g ab . 
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2 Ricci flat geometries 

The Ricci flat conditions or the vacuum Einstein field equations are given by 



d a WdetHgg ab H- 1 d b H] = 0, 



(8) 



R ab + -tridaH-'dbH) - V a Vb logV det H = 0, 



(9) 



where H is a 2nx2n matrix of iJ^B and H~ x is its inverse and y is the 
covariant differentiation with respect to the connection (or with respect 
to metric g ab ). We may rewrite the 2-dimensional metric as 



g a b = e M T] ab , (10) 

where r\ is the metric of flat 2-geometry with arbitrary signature (0 or ±2 ) 
and the function M depends on the local coordinates x a . The corresponding 
Ricci tensor and the Christoffel symbol are 



Rab = -(v 2 v M)ri ab , 



1 ba 



(11) 



Now let H be a block diagonal matrix of Hab and each block is a 2x2 matrix 



/ei e Ul h x 



o 



o 



Ui hJ 



with dethi 



V € n 6 if, 

1 and €i = ±1 for alH = 1, 2, • • • , n. Then 



tr(d a H 1 d b H) = -2^ d a Uid b Ui + tr ^ 



(12) 



i=i 



i=l 
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and 

n 

detH = e 2U , ^ Ui = U. (13) 

i=l 

With the above anzats we can write the higher dimensional vacuum field 
equations as 



- V? M Vah - U ab - -[M, a U b + Mj.Ua - M 4 U\ h \ 
~ 9 doVidbUi + -tr ^ daK l d b hi = 



(14) 



i=i 



i=l 



and 



aj^e^] = 0, (15) 
d a [rj ab e u h; 1 d b h t }=0, (16) 



where there is no sum over % (for alii = 1, 2, • • • n). 



3 Four dimensional geometries 

We first consider the four dimensional case (n = 1). We distinguish the 
metric functions of the four dimensional case from the higher dimensional 
(n > 1) metric functions by letting 

M — M, U = U, h = h . (17) 

Since there are infinitely many possible solutions of the vacuum four di- 
mensional Ricci flat equations we shall denote Aii, h^i , i = 1, 2, • • • , m to 
distinguish this difference. We label all these different solutions by putting 
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a subscript % = 1, 2, • • • , m. Any two different solutions either have different 
analytic forms or have the same analytic forms but with different integration 
constants. We assume that all these different solutions have the same metric 
function U. By this choice we loose no generality because it is a matter of 
choosing a proper coordinate system. The field equations are 



^(V?M) Vab - Ua, - -[M i>a U b + Mi, h U >a - M iA U d T] ab } 
\d a U d b U + \tr(d a h~}d b h 0i ) = 0, 



(18) 



and 



d a [r 1 ab e u d h U] =0, (19) 
d a [v ab e u h ld b h 0l ]=0. (20) 

For each i — 1, 2, • • • , m where m is an arbitrary integer, each triple 

(Mi, hou U) 

form a solution to the four dimensional vacuum field equations and we assume 
that the function U, for all these different solutions, be the same. 



4 Higher dimensional Ricci flat geometries 

We start with the assumptions that U = 14 where the function U is defined 
in fln!| ) , hi = h i an d m = n and using ( |T8"D into (JTJ) we get 



i V? (M - M) Vab + {n- l)U ab - 1 -[{M- M), a U b 
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1 n 

+ (M - M) ib U a — (M - M) 4 U d Vab] - - X) d * u i d bUi 

+ ^nd a Ud b U = 0, (21) 

where ^27=1 ^ i = ^ ■ Define M — M = M, the above equation can be 
written as 



(yjM) r) ah + {n- l)U ab - -{M a U, h + M b U a 



-M 4 U d Vab ] -Ij^daU&m + l -nd a Ud b U = 0. (22) 
i=i " 

We assume that L(,hoi for i = 1, 2, ■ ■ • , n are given functions of x a . Hence 



given U. we can solve fllq) for «j with i = 1, 2, ■ • • , n, or 



V^ + 77 a6 W a ^, fe = 0. (23) 

Then inserting U, Ui and h Q i in (|22|) we solve the function M . Then we have 
the following theorem. 

Theorem: IfU, h oi and Mi , for each i = 1, 2, • • • , n, form a solution to the 
four dimensional Ricci flat field equations for the metric 

ds 2 = e- M 'r lab dx a dx b + e u (h 0l ) ab dy a dy\ z = l,2,---,n, (24) 

where A4i = M.i{x a ), U = U(x a ), and h^i = hoi(x a ), then the metric of 
2n + 2 dimensional geometry defined below 

n 

ds 2 = e~ M Vab dx a dx b + X £i e u > (h 0i ) ab dy? dy\, (25) 
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solves the Ricci flat equations, where e» = ±1, M = M + M, M = Y^=i M.% 
, M solves and Ui solve Here the local coordinates of the 2n + 2 

dimensional geometry are given by x a = (x a , y", , • • • , y®). 

We shall now consider some examples which will be obtained by the ap- 
plication of the theorem. We shall consider the case which has a physical 
importance as far as the Einstein's theory of general relativity is concerned. 
We let €i — 1 for alH = 1, 2, • • • , n and 

X — IX • X — u . 
1 " 

d u Md u U = {n-l)d uu U--Y,(duU t f + ^{d u U)\ (26) 

i=l 
1 n 

d v Md v U = (n-l)d m U-~ Y,(dvU t ) 2 + ^(d v U) 2 , (27) 

i=i 

where the (uv) component of (p2|) is identically satisfied by virtue of the 
equations (p6|), (p7|), (|23| ) and ([19]). The above equations remind us the 
construction of the solutions of the Einstein -Maxwell-massless scalar field 
equations from the metrics of the Einstein- Maxwell spacetimes ||. Eq.(|23|) 

becomes 

2 Ui jUV + Li )U Ui jV + IA^ V Ui :U = 0. (28) 

Hence for all n > 1 to find a solution of higher dimensional colliding gravita- 
tional vacuum plane waves we have to solve the above equations (^)-(^l) for 
M and , i = 1, 2, • • • , n. We shall now make a further assumption which 
solves (|28| ) identically. Let = rriiU where rrii, (i = 1,2, ■■■,n) are real 
constants satisfying only the condition 



-CO 

then the equations in (p2|) become 
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n 



™i = 1, (29) 



8=1 



otherwise they are arbitrary. Then the solution of ( p6|) and ( p?| ) can be found 



as 



(A^)' n+1 (/ + ^)^ (m2+n " 2) . 



(30) 



Here we took 



f(u)+g(v), 



(31) 



which is the general solution of (0) where f(u) and g(y) are arbitrary (dif- 
ferent iable) functions of u and v respectively and 



Hence according to our theorem given above this completes the construction 
of the metric of the corresponding vacuum spacetimes of dimension 2n + 2. 
Given any four dimensional metric of colliding vacuum gravitational plane 
wave geometry (see || for this subject in detail) we have their extensions 
to higher dimensions for arbitrary n without solving any further differential 
equations. Sometimes to avoid some undesired singularities on the whole 
2n + 2 dimensional geometry it may be necessary to keep all the integration 
constants of the original four dimensional metric variables (.M«,W, hot). The 
boundary conditions discussed in || and in || (chapter 7, pages 46-47) of 
the four dimensional metrics should be used for the functions M. { to make 
them continuous across the boundaries u — 0,v — 0. Rather we have to use 
them to make the In + 2 dimensional metric function M to be continuous 
across these boundaries. 



n 




(32) 



»=i 
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5 Higher dimensional Szekeres solution 

For illustration let us take the Szekeres solutions ||, || (which contains the 
Khan-Penrose solution as a special case) as the four dimensional vacuum 
solutions. They are given by 

ds 2 = 2 e~ M * dudv + e u - y > dx 2 + e u+v > dy 2 , z = l,2,---,n (33) 

where 



-—ft - — a 
Vi = -2ki tanh" 1 (^ -)* - 2l t tanh" 1 (-f -)*, (34) 

2+9 2+f 

Mi = - hg( Ci f u h v ) - l -{k 2 + £ 2 + 2kdi - 1) log(/ + g) 
k 2 1 f 2 1 / 2 1 P 1 

+y log(- - /) + | log(- - «,) + | log(- + /) + |- log(- + <?) 



+2k i l i \og^~-f^-g + ] /~ + f^ + g), (35) 
where fcj, 4? an d constants for all i = 1, 2, • • • , n, and 

/=^-(ei«) ni , 5=^-(e 2 < 2 . (36) 

Here ei,e2,rii > 2, and n 2 > 2 are also arbitrary constants. To avoid the 
discontinuity of the function e~ Mi along the boundaries u = and v — some 
relations among fcj, ^ and ni,n 2 are needed. We shall not set these relations, 
because in our case the continuity of the function e~ M is important. For this 
purpose we give similar relations among these constants. Let us first define 

n n n 

k 2 = J2k 2 , f = Y,tl « = £*A, (37) 
i=i i=i i=i 

and let 
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k 2 = 2(1-—), f = 2(l-— ), (38) 
rii n 2 

where ni > 2, ri2 > 2. We observe that the constants k and £ are restricted 
to the range satisfying 

1 < k 2 < 2, 1 < £ 2 < 2. 

It is now easy to calculate M which is continuous across the boundaries u = 
and v = (by virtue of the conditions (j38[)). It reads 



e~ M = } f+ r^— r— ; , • (39) 

(I + /)V (i + g)^ (vw V / F^+ vl+ / vi+^ )2s 

We also set II™ =1 q = [e\&2 n \ n 2) x ■ Hence the metric of the 2n + 2 dimen- 
sional spacetime becomes 



ds 2 = 2e" M dudv + J2 (/ + <?)"' ( e " Vl + e ^ rf 2/') . ( 4 °) 
»=i 

where m.j, z = 1,2, • • • , n are constants with the condition given in (H) and 



Vi's are given in (|34|). Here Xi = x,yi = y. When n = 1 we have m\ = 1, 
m = 1 , s = k£ which corresponds to the four dimensional case. 

6 Curvature singularities 

Next we calculate the curvature invariant of the metric ([J). The components 
of the Riemannian tensor are: 

tdA _ -pA _ -pA , -pA -pD _ -pA -pD 
rt Bab — 1 Bb,a 1 Ba,b 1 Da L Bb 1 Db L Bai 
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pA _ -pA , -pA -pD -pA pc 
^abB — 1 aB,b ~t~ 1 Db 1 aB 1 oB 1 ab> 

pa -pa -pD -pa -pE 

n-bAB — DA bB EB bA^ 

pa -pa -pa , -pa ne -pa ne 

n bcd — 1 bd,c 1 fcc,d "T 1 ec 1 bd 1 ed 1 bo 

pA -pA -pa -pA -pa 

^BDE — aD BE aE BD > 

R BDb = °, R abc = 0- 

The curvature invariant is defined by 

/ = ET^R^. (41) 

This can be written as 

T jjabcd p I TyABDE p , o r>ABab p , /i jyaAbB p /'/10 N \ 

1—K K abcd + K tiABDE + £ti riABab + 4 it rCaAbB, (42 J 

where 

■pabcd p p2 

it itabcd — it , 

R abcd Rabcd = l -g ab g cd [tr{d c H~ l d a H)tr{d d H- l d b H) 

- trid.H-'d.HdaH-'daH)}, 
R ABab R A Bab = ^g ab g cd [tr(d a H- 1 d d Hd c H- 1 d b H) 

- trid b H- l d c Hd a H~ l d d H)}, 

R aMB RaAbB = ^VM^'VaV^^VdVe^) 

+ Jrt^MfT 1 Va VbHH^daHH-'deH) 

+ ^g^triH-^HH-^HH^daHH-^H). 

We may , in general, discuss the singularity structure of colliding gravita- 
tional plane waves in 2n + 2 dimensions, but the higher dimensional Szekeres 
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vacuum solutions give the similar feature of this problem. First of all the 
solutions have delta function curvature singularities across the boundaries 
u — 0, v = or / = | and g = ~ when n\ = n 2 = 2. For other values of 
ri\ > 2 and n 2 > 2 curvature has Heaviside step function discontinuity across 
these boundaries. In addition to these discontinuities across the boundaries 
the spacetime has essential singularity on the surface f(u) + g(v) = 0. For 
this purpose we shall find the form of the curvature invariant / as / + g — > 
which is the singular surface for the four dimensional case. We find that 

i~Uugv) 2 U + g)-^ (43) 

where \x = k 2 + £ 2 + m 2 + 2s + 2. For the four dimensional case (n = 1) 
let us choose k — k±, i — l\ , mi = 1, and m 2 = 1. Hence in this case 
fj, = k\ + I\ + 2fei li + 3. We have both 1 < k 2 < 2, 1 < t 2 < 2 and 
1 < kf < 2, 1 < £ 2 < 2. Hence the constant m plays an important role in 
the higher dimensional metrics. On the constants m,, % = 1, 2, • • • , n we have 
the only restriction ( p9|) . Hence as / + g — > we get 

Here we have made use of conditions fl38| ) for k and I and exactly similar 
conditions on k\ and l\ which implies that k 2 = k\ = 2(1 — ^-) and i 2 = i\ = 
2(1 — —). This means that the singularity structure in the higher dimensional 
spacetimes can be made weaker and stronger then the four dimensional cases 
by choosing the constants rrii,ki and £i properly. We have enough freedom 
to do this for higher values of n. 
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7 Conclusion 



We have studied the some Ricci flat geometries with arbitrary signatures. 
We proved a theorem saying that to all Ricci flat metrics of four dimensional 
pseudo Riemannian geometries admitting two Killing vector fields there cor- 
responds a class of Ricci flat metrics for some 2n + 2 dimensional pseudo 
Riemannian geometries . As an application we presented an explicit con- 
struction 2n + 2 dimensional metrics of colliding gravitational wave space- 
times from a given four dimensional metrics. We gave a higher dimensional 
generalization of the Szekeres metrics and discussed singularity structure of 
the corresponding spacetimes. Further construction of higher dimensional 
colliding gravitational plane wave metrics will be communicated elsewhere 
A possible extension of our work to low energy limit of string theory is 
possible for an arbitrary n. Another application of our approach presented 
here may be done to the colliding gravitational plane wave problem for the 
Einstein-Maxwell- Dilaton field equations [ITH . 



This work is partially supported by the Scientific and Technical Re- 
search Council of Turkey (TUBITAK) and by Turkish Academy of Sciences 
(TUBA). 
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